Let G = (V , E) be a simple undirected graph with a set V of vertices and a set E of edges. Each vertex v ∈ V has a demand d(v) ∈ Z + , and a cost c(v) ∈ R + , where Z + and R + denote the set of nonnegative integers and the set of nonnegative reals, respectively. The source location problem with vertex-connectivity requirements in a given graph G asks to find a set S of vertices minimizing In this paper, we consider the problem in the case where every vertex has uniform cost. We propose a simple greedy algorithm for providing a max{d * , 2d * − 6}-approximate solution to the problem in O (min{d * , √ |V | }d * |V | 2 ) time, while we also show that there exists an instance for which it provides no better than a (d * − 1)-approximate solution. Especially, in the case of d * 4, we give a tight analysis to show that it achieves an approximation ratio of 3. We also show the APX-hardness of the problem even restricted to d * 4.
Problem 1 (Source location problem with measure ψ ).

Input: A graph G = (V ,
Here let us review the developments in the source location problems in undirected graphs. The problem with ψ = λ was first considered by Tamura et al. [17] . They showed that the problem with uniform costs and uniform demands can be solved in polynomial time. Also, Tamura et al. [18] showed that the case of uniform costs and general demands is solvable in polynomial time, while the fastest known algorithm for it achieves complexity O (mM(n, m)) due to Arata et al. [2] , where n = |V |, m = |{{u, v} | u, v ∈ V }|, and M(n, m) denotes the time for max-flow computation in the graph with n vertices and m edges. In general, Sakashita et al. [16] showed that the problem is strongly NP-hard. It is also known that when a given graph is a tree, the problem is weakly NP-hard [2] and there exists a pseudo-polynomial time algorithm for it [11, 16] .
For ψ = κ, Ito et al. [9] investigated the problem with uniform costs and uniform demands d(v) = k, presented a polynomial time algorithm in the case of k 2, and showed the NP-hardness of the problem in the case of k 3. They also
showed that in the case of k 2, even if a measure λ (S, v) is added, then the problem is still solvable in polynomial time.
For ψ =κ, Nagamochi et al. [15] showed that the problem with uniform demands d(v) = k can be solved in O (min{k, √ n }kn 2 ) time. In [7] , Ishii et al. considered the problem with uniform costs and general demands, and showed that it can be solved in linear time in the case of d * 3, while it is NP-hard even restricted to d * = 4, where
They also showed that if d * 3, then even in the case of general costs, it is also solvable in polynomial time [6] .
Also for directed graphs, many variants of problems have been investigated (see [3, 5, 10] for ψ = λ, [15] for ψ =κ, and [14] for a survey).
Recently, Sakashita et al. [16] showed that no problems of the above three types of connectivity requirements in undirected/directed graphs are approximable within the ratio of O (ln v∈V d(v)), unless NP has an O (N log log N )-time deterministic algorithm. They also gave (1 + ln v∈V d(v))-approximation algorithms for all such problems if the capacity and demand functions are integral.
In this paper, we focus on the problem with ψ =κ in undirected graphs. As shown in [16] , in general, it is unlikely that it is approximable within a ratio of O (ln v∈V d(v)). Moreover, it was shown in [7] that even if the cost function is uniform and d * is bounded from above by a constant, the problem is NP-hard. In this paper, after describing some definitions and preliminaries in Section 2, we show in Section 3 that if the cost function is uniform, then a simple greedy algorithm provides a max{d * , 2d * − 6}-approximate solution in O (min{d * , √ n }d * n 2 ) time; the approximation ratio is constant if d * is bounded from above by a constant. Especially, in Section 4, in the case of d * 4, we give a tight analysis to show that it achieves an approximation ratio of 3. We also show that the problem is APX-hard even restricted to uniform costs and d * 4.
Before closing this section, we summarize our method. First, we start with the source set S = V . Then, we pick vertices v, one by one, in nondecreasing order of their demands; only when S − {v} remains feasible, then update S := S − {v}. It was shown in [2] that for the problem with ψ = λ and uniform costs in undirected graphs, this algorithm provides an optimal solution. In our problem, this method may not achieve an optimal, but an approximation ratio of max{d * , 2d * − 6}.
Main theorems
Let G = (V , E) be a simple undirected graph with a set V of vertices and a set E of edges, where we denote |V | by n and |E| by m. A singleton set {x} may be simply written as x, and "⊂" implies proper inclusion while "⊆" means "⊂" or "=". The vertex set and edge set of a graph G are denoted by V (G) and E(G), respectively. 
In this paper, each vertex
and we call each vertex v ∈ S a source. In this paper, we consider the following source location problem with local vertexconnectivity requirements in an undirected graph (shortly, LVSLP or d * LVSLP).
Problem 3 (LVSLP or d * LVSLP).
Input: An undirected graph G = (V , E) and a demand function d : V → Z + (where Z + denotes the set of nonnegative integers).
Output: A source set S ⊆ V with the minimum cardinality.
The main results of this paper are described as follows. In the subsequent sections, we will prove these theorems constructively by giving an approximation algorithm for LVSLP.
Theorem 4. Given an undirected graph G = (V , E) and a demand function d
Also, we will show that there exists an instance for which the proposed algorithm provides no better than a (d * − 1)-approximate solution.
In the rest of this section, we introduce several properties for LVSLP, which will be used in the subsequent sections. For
We have the following property by Lemma 2.
Lemma 6. A vertex set S ⊆ V is a source set if and only if S satisfies W ∩ S = ∅ for every deficient set W .
A deficient set W is minimal if no proper subset of W is deficient. For a vertex v ∈ V , we say that a deficient set W ⊆ V with v ∈ W is a minimal deficient set with respect to v, if W is minimal deficient and
set has the following properties. [7] .) Every minimal deficient set W with respect to v ∈ W induces a connected graph. 
Lemma 7. (See
Lemma 8. Let W be a minimal deficient set with respect to v ∈ W . If there is a set X with v
Proof. Assume by contradiction that {w 1 , 
is also deficient, which contradicts the minimality of W 1 . Hence, it follows that {w 1 ,
Initialize j := 1 and S 0 := V . 3: for j = 1 to n do
4:
if S 0 − {v j } is a source set then 5:
6: end if 7: end for 8: Output S 0 as a solution.
Greedy algorithm
For a given graph G = (V , E) and a demand function d : V → Z + , let opt(G, d) denote the optimal value to LVSLP. In this section, we give a simple greedy algorithm, named GREEDY_LVSLP, for finding a max{d * , 2d * − 6}-approximate solution S to LVSLP in O (min{d * , √ n }d * n 2 ) time. Below, assume that the given graph G is connected, since if G is disconnected, then we can consider the problem for each connected component separately. The algorithm GREEDY_LVSLP is a greedy method to find a minimal feasible solution S 0 . We start with the source set 
(ii) W is minimal with respect to s.
Proof. From the construction, when the vertex s is picked in lines 4-6, S 0 −{s} does not satisfy (1) for the current source set Summarizing the arguments given so far, Theorem 4 is now established.
The case of d * 4
In this section, we consider 4LVSLP. Let S 0 and W 0 be a set of vertices obtained by algorithm GREEDY_LVSLP and the family of deficient sets corresponding to S 0 , respectively, as defined in the previous section. Here we show that S 0 is 3-approximate and that this analysis is tight for the algorithm. We also show that 4LVSLP is APX-hard.
Assume that d * = 4, since the case of d * 3 is solvable in polynomial time, as shown in [7] . Also assume that |S 0 | 4, since |S 0 | 3 implies that S 0 is 3-approximate. If the frequency of each vertex with respect to W 0 is at most three, then S 0 is 3-approximate as observed in the proof of Lemma 12. However, there exists an instance which has a vertex with frequency four. We first start with characterizing such cases through the following preparatory lemmas.
Lemma 13. Let W i and W j denote deficient sets in
W 0 with W i ∩ W j = ∅. (i) |N G (W i ∪ W j )| 1. (ii) W i ∩ N G (W j ) = ∅ = W j ∩ N G (W i ) holds; |N G (W i ∩ W j )| 2. (iii) If |N G (W i ∩ W j )| = 2, then no set W ∈ W 0 − {W i , W j } satisfies W ∩ W i ∩ W j = ∅. (iv) If |N G (W i ∪ W j )| = 1, then at most one set W ∈ W 0 − {W i , W j } satisfies W ∩ W i ∩ W j = ∅. (v) If |N G (W i ∪ W j )| = 2, then for every W ∈ W 0 − {W i , W j } with W i ∩ W j ∩ W = ∅, we have N G (W i ∪ W j ) ∩ W ∩ S 0 = ∅.
Proof. (i) Lemma 10(i) implies that
(ii) This follows from Lemma 7. (V , W 0 ) 4 holds. In particular, for a vertex v ∈ V whose frequency is four, the four distinct sets W i ∈ W 0 , i = 1, 2, 3, 4 Proof. Let S * denote an optimal solution. Since S * is feasible, we have W ∩ S * = ∅ for every W ∈ W 0 . Consider a mapping g : W 0 → S * such that for each set W ∈ W 0 , g(W ) = s * holds for some source s * ∈ S * with s * ∈ W . If |{W ∈ W 0 | g(W ) = s * }| 3 holds for each source s * ∈ S * , then we have |W 0 | 3|S * |, from which |S 0 | = |W 0 | 3|S * |. We claim that there is such a mapping.
Assume that for a mapping g, there is a source s * 1 ∈ S * which at least four sets in W 0 is mapped to. By Lemma 14, f (V , W 0 ) 4 holds, and hence the number of sets in W 0 mapped to s * 1 is exactly four. Moreover, the four sets We now give a tight example for the algorithm GREEDY_LVSLP. Let H i = (V i , E i ) be the graph where
3 )}) (see Fig. 1(a) ). Let G q = (V , E) be the graph where
. . , q} and j ∈ {1, 2, 3}, and d(v) = 0 for all other vertices (see Fig. 1(b) ). For G q and d, the algorithm GREEDY_LVSLP returns a source set Fig. 1(b) is one of such examples.
Finally, we show that the problem is APX-hard. In [7] , it was shown that 4LVSLP is NP-hard by a reduction from the minimum vertex cover problem restricted to 3-regular graphs:
Vertex-cover problem in a 3-regular graph (VC3R). where a set V ⊆ V of vertices is called a vertex cover if every edge e = (u, v) ∈ E satisfies {u, v} ∩ V = ∅, and a graph is called k-regular if the degree of every vertex is exactly k. As shown in [1] , the minimum vertex cover problem is APX-hard, even restricted to 3-regular graphs. We can prove the APX-hardness of 4LVSLP by using the same reduction as [7] .
INSTANCE: (G = (V ,
E
Lemma 19. 4LVSLP is APX-hard.
Proof. We start with reviewing a reduction from the minimum vertex cover problem in a 3-regular graph to 4LVSLP, which was shown in [7] . 
Each vertex in V 3,1 and V 3,2 is drawn as a black square and a black circle, respectively. Fig. 2 ). From G 2 , we construct an instance
Take an instance
For each w i ∈ V 2 , we construct the complete graph ( 
and In [7] , the following properties were shown.
Claim 20.
(i) Let X 1 be a vertex cover in G 1 . Then, Let S be an arbitrary source set in G 3 , and X be a vertex cover in G 1 obtained from S according to Claim 20(ii). Note that |X| |S| − m 1 . Then, we have
Therefore, if we would have a polynomial-time approximation scheme for 4LVSLP, then we would have a polynomial-time approximation scheme for VC3R. 2
Concluding remarks
In this paper, given an undirected graph G = (V , E) and a demand function d : V → Z + , we have considered the problem of finding a set S ⊆ V with the minimum cardinality such that for every vertex v, there exist d(v) paths between every vertex v ∈ V − S and S such that no pair of paths has a common vertex in V − v. We have shown that a simple greedy algorithm finds a max{d * , 2d * − 6}-approximate solution to the problem in O (min{d * , √ n }d * n 2 ) time. Especially, restricted to d * 4, we have given a tight analysis to show that it achieves an approximation ratio of 3, while the problem is APXhard. However, it is still open whether the problem is approximable within a constant which is independent of d * .
